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Chaos is merely order waiting to be deciphered
José Saramago, The Double.

Chaos

Introduction

Let’s consider the oscillations of a harmonic oscillator.
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Its equation of motion has the form of

mẍ = −kx.

This equation has an analytical solution{
x(t) = A cos (ωt+ ϕ0) ;

v(t) = −Aω sin (ωt+ ϕ0) ,

where ω =
√
k/m, and we can find the oscillation amplitude A and the initial phase ϕ0 from

the initial conditions.

We will call the dependence ẋ(x) a phase portrait. In the case of a harmonic oscillator, it can
be found from the equation

x2 + v2/ω2 = const.

We can also determine the constant value on the right side from the initial conditions. Dependence v(x),
which follows from the last equation, is shown in the figure.
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This solution is analytical, but, unfortunately, for most mechanics problems such a solution
cannot be obtained. In this case, numerical methods are usually used.
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A programming environment for the problem

We’ve prepared a notebook in the google colab so you do not have to program anything.

Follow the link to the notebook (just in case, here it is again), go to your google account, click
on the code execution in any cell (that is a play button), and you get the good news that this
code was written by someone called Eliseev Maxim, you agree with this and the notebook is
ready to use.

Details about how to use the notebook are described in this video (by the same Maxim Eliseev).
If When you still will have questions about how to use this notebook, then you can ask this
person in direct messages. Don’t be shy, he is energetic and ready to answer 25 (twenty-five)/7.

Comment. You can use any other environment to solve this problem, but we do not guarantee
that other numerical methods will lead to the correct solution. And there is a risk that we will
not be able to help you with that in any way.

Poincaré section

Данное решение является аналитическим, но, к сожалению, в большинстве задач меха-
ники такое решение получить невозможно. В этом случае обычно применяют численные
методы.

Среда программирования для задачи

Для того, чтобы вам не пришлось ничего программировать, мы подготовили тетрадку в
среде Google Colab. Можно использовать без смс, но с регистрацией.

Проходите по ссылке на тетрадку (на всякий случай, вот она еще раз), заходите в свой
гуглаккаунт, нажимаете на выполнение кода в любой ячейки (это такая кнопка плей), вам
сообщают радостную новость о том, что данный код написал некий Елисеев Максим, вы
соглашаетесь с этим и тетрадка готова к использованию.

Подробно про то, как пользоваться тетрадкой рассказано в данном видео (тем самым Мак-
симом Елисеевым). Если Когда у вас останутся появятся вопросы о том, как пользоваться
данной тетрадью, то вы можете их задать в личные сообщения вот этому человеку. Не
стесняйтесь, они готовы и заряжены отвечать 25 (двадцать пять) на 7.

Замечание. Вы можете использовать любую другую среду для решения данной задачи,
но мы не гарантируем, что другие численные методы сойдутся к правильному решению.
И есть риск, что мы не сможем вам с этим никак помочь.

Сечение Пуанкаре
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Один из самых популярных методов чис-
ленного решения таких дифференциальных
уравнений является метод сечения Пуанка-
ре. Продемонстрируем работу этого метода
на примере гармонического осциллятора.

Изобразим зависимость x(t), v(t) в трехмер-
ном виде, где x(t) и v(t) отложены по осям
x и y, а по оси z время t. В случае гар-
монического осциллятора мы получим вин-
товую линию вдоль цилиндра. Через рав-
ные промежутки времени будем проводить
сечения параллельные плоскости x, v и на-
ходить точку пересечения плоскости и вин-
товой линии (см. рисунок слева), после че-
го наносить ее на отдельную плоскость x, v
(см. рисунок справа).

Примечание. Ясно, что для гармониче-
ского осциллятора численный метод реше-
ния не нужен, т. к. возможно аналитическое
решение.

Однако мы видим, что численный метод дает тот же результат, что и аналитический. В
более сложных ситуациях, картинки будут другими.
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One of the most popular methods for numerically solving such
differential equations is the Poincare section method. Let’s
demonstrate the operation how this method works on the
example of a harmonic oscillator.

Let’s depict the dependence x(t), v(t) in a three-dimensional
form, where x(t) and v(t) are represented by the x and y
axes, and the time t corresponds to the z-axis. In the case of
a harmonic oscillator, we get a helix along the cylinder. At
regular intervals, we will draw sections parallel to the plane
{x, v} and find the intersection point of the plane and the
helix (see figure on the right), and then draw it on a separate
plane {x, v} (see figure below).

Note. It is clear that for a harmonic oscillator, a numerical
solution method is not needed, since an analytical solution is
possible. However, we see that the numerical method gives the
same result as the analytical one. In more complex situations,
the pictures will be different.

Note about code. The SolveSystem function has an argument and you don’t, lol is_poincare_section.
If you set it as is_poincare_section = false, then the sections will be located as tightly as
possible (∆t won’t be enough, this case is depicted in the figure with a phase portrait). If you
set it as is_poincare_section = true, then the time interval will be significantly longer and in
dimensionless variables will be equal to 2π.
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Look at a few more examples.

Example. Let a constant force act on the oscillator. In this case, the equation of motion will
look like this

mẍ = −kx+ F.

Try to change the correct parameters in the notebook to get the corresponding Poincaré section.
It should be as shown in the figure.

This is exactly the same ellipse as in the previous example, only its center is shifted by some
amount, which corresponds to a shift in the equilibrium position. The direction of the shift
depends on the force sign and the magnitude of the modulus F .

Example. Instead of a constant force, we add the dry friction force

mẍ = −kx− µmg · sign (ẋ) .

In this case, the Poincare section will have the form of.
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This example can be used to show that numerical methods do not always give results that
correspond to reality and can produce various kinds of «artefacts». If it is unsuccessful to change
the sampling step (time ∆t), then in this case the Poincare section will not be constructed, or
a deliberately absurd drawing will be obtained.

Numerical methods are a great tool, but they need to be carefully used. If you have questions
about numerical methods, then you can ask here or there.

Part 1. Nonlinearity

The linear oscillator model does not always describe all the features of dynamical systems. For
example, the model often works for small deviations from the equilibrium position. But if the
deviations from the equilibrium position increase, then for this case the linear oscillator model
should be clarified.

There are many different models of the nonlinear oscillator. We will consider some general
dynamic model given by the following equation:

ẍ+ ax+ bx3 = 0. (1)

1. (1 point) Find the potential energy U(x) of such a system.

2. (1 point) Give examples of a system whose potential energy depends on the coordinate
in a similar way (in terms of the number of minima and maxima) if

(a) a > 0, b > 0,

(b) a > 0, b < 0,

(c) a < 0, b > 0,

(d) a < 0, b < 0.

3. (1,5 points) For all the cases above, draw all possible phase portraits of the given system
for various initial statements.

Let’s add dissipation to the equation (1)

ẍ+ γẋ+ ax+ bx3 = 0, γ > 0. (2)

4. (0,5 points) Draw all possible phase portraits of this system for various initial statements
if a < 0, b > 0.
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5. (1 point) Let a = −2, b = 1, γ = 0,15.

(a) Find the equilibrium positions of the system.

Let’s assume that initial speed is ẋ(0) = 10, initial coordinnate x(0) ∈ [−2,5; 2,5].

(b) Find the value x(0) such that the system comes to the equilibrium position on the
left. Specify, to the nearest hundredth, the boundaries of the segment in which x(0)
lies, and in which the system comes from any point to this equilibrium position.

(c) Find the value of x(0) such that the system comes to the equilibrium position on
the right. Specify, to the nearest hundredth, the boundaries of the segment in which
x(0) lies, and in which the system comes from any point to this equilibrium position.

Let’s add an external harmonic force to the equation (2)

ẍ+ γẋ+ ax+ bx3 = ε sin t. (3)

6. (1 point) Let a = −1, b = 1. Build the Poincare sections for the following parameters
values:

(a) γ = 0; ε = 0,

(b) γ = 0; ε = 0,005,

(c) γ = 0; ε = 0,01,

(d) γ = 0; ε = 0,1,

(e) γ = 0,15; ε = 0,3.

Build them using both cases of the

7. (0 points) What conclusion can you make from the constructed Poincare sections?

Part 2. Discrete Model

It is often convenient to switch to discrete-time and observe the dynamics of a change in some
quantity. For example, we can denote xn as the population of a certain biological species at
a time tn (e.g., in a year with a number n). Then the equation describing the dynamics of
population change in the simplest case can look like this

xn+1 = λxn,

where λ = const > 0 is a coefficient that determines the living conditions of a given species. It
is clear that if λ > 1, then the population will grow indefinitely, if λ = 1, then its value will be
constant from year to year, if λ < 1, then the population will die out. In this problem, we will
analyze similar models.

We will denote the right side of the equation as f(xn). If some value x∗ satisfies the condition
f(x∗) = x∗, then we will call x∗ as the equilibrium position.

If we apply our «function» twice, i. e. If we write an expression of the form f(f(x)), then we
call this transformation quadratic and denote it as f 2(x). For applying the function n times,
we will use the notation fn(x). It is clear that the factor, in this case, is not equivalent to the
concept of a factor from algebra.
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Path of the Point. Linear case

Review in the notebook the cell «Path of the Point». It contains a «function»

f(x) = λ ·min [(1− x), x] , xn+1 = f(xn)

where λ = const > 0. In all parts of this section of the problem, we will consider only x ∈ [0, 1].

7. (0,2 points) Within what limits can the parameter λ change so that xn for any n belongs
to the segment [0, 1]?

8. (0 points) Plot f(x).

9. (0,2 points) Qualitatively plot f 2(x) and f 4(x) for values of the parameter λ 6= 0.

10. (0,2 points) Find the dependence of the number of equilibrium positions on the parameter λ
of the system described by the «function» f(x). For those values of λ, where the number
of equilibrium positions is the greatest, find the dependence of the equilibrium positions
x∗(λ).

11. (0,1 points) Find the dependence of the number of equilibrium positions on the parameter
λ of the system described by the «function» f 2(x). For any parameter λ, where the
number of equilibrium positions is maximum, develop a graphical method of finding those
equilibrium positions.

12. (0,3 points) What is the maximum finite number of equilibrium positions for the system
described by the «function» fn(x)?

13. (0,5 points) For the «function» f(x) and λ = 1,5, find the sequence xn, if x0 = 0,6,
x0 = 0,4, and x0 = 0,139. Show the result in the form of a graph, which will display f(x),
as well as g(x) = x, or in the form of the first forty values of the sequence x(n). Explain
the result.

14. (0,5 points) For the «function» f 2(x) and λ = 1,5, find the sequence xn, if x0 = 0,6,
x0 = 0,61. Show the result in the form of a graph, which will display f(x), as well as
g(x) = x, or in the form of the first forty values of the sequence x(n). Try to find (or
depict) the dependencies for other initial values of x.

15. (0,5 points) Open the cell of the notebook that is called «Discrete model. Linear case». It
is able to build the dependence of the values of the points corresponding to the equilibrium
positions for the function f(x) on the parameter λ. Set the maximum value of λ and plot
this graph. Describe the result. What features of the graph can you highlight? List all the
properties you can find.

Path of the Point. Quadratic case.

Modifying the code in the cell «Path of the Point», analyze the following «function»

f(x) = λx(1− x),

where λ = const > 0.

Note. This «function» can be found in various branches of science. From diffusion to economics.

In all parts of this section of the problem, we will consider only x ∈ [0, 1].
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16. (0,2 points) Within what limits can the parameter λ change so that xn for any n belongs
to the segment [0, 1]?

17. (0,2 points) (0,2 points) Plot f(x). Find at which λ the number of equilibrium positions
is the largest and find how this equilibrium position depends on λ.

18. (0,2 points) Plot f 2(x) for any value of the parameter λ 6= 0.

19. (0,2 points) For the «function» f(x) and λ = 2, find the sequence xn, if x0 = 0,5, x0 = 0,4,
and x0 = 0,33. Show the result in the form of a graph, which will display f(x), as well as
g(x) = x, or in the form of the first forty values of the sequence x(n). Explain the result.

20. (0,2 points) For the «function» f 2(x) and λ = 2, find the sequence xn, if x0 = 0,1,
x0 = 0,16. Show the result in the form of a graph, which will display f(x), as well as
g(x) = x, or in the form of the first forty values of the sequence x(n). Try to find (or
depict) dependencies for other initial values x. Explain the result.

21. (0,5 points) Open the cell of the notebook that is called the «Discrete model. Quadratic
case». It is able to build the dependence of the values of the points corresponding to
the equilibrium positions for the function f(x) on the parameter λ. Set the maximum
value of λ and plot this graph. Describe the result. What features of the graph can you
highlight? List all the properties you can find.

First hint — 16.05.2022 14:00 (Мoscow time)
Second hint — 18.05.2022 14:00 (Мoscow time)

Final of the fifth round — 20.05.2022 22:00 (Мoscow time)
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